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Let f :C → C be a self-map of the pseudo-circle C. Suppose that C is embedded into an
annulus A, so that it separates the two components of the boundary of A. Let F :A → A
be an extension of f to A (i.e. F |C = f ). If F is of degree d then f has at least |d−1| ﬁxed
points. This result generalizes to all plane separating circle-like continua.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A continuum is a compact and connected space containing at least two points. A continuum X has the ﬁxed point
property (abbreviated f.p.p.) if for any map f : X → X there is an x ∈ X such that f (x) = x. In [6] O.H. Hamilton proved
that the pseudo-arc and all other arc-like continua posses the f.p.p. A continuum is arc-like (circle-like) if it is the inverse
limit of spaces homeomorphic to [0,1] (homeomorphic to S1). A continuum is indecomposable if it is not the union of
two proper subcontinua. A continuum is hereditarily indecomposable if each subcontinuum is indecomposable. The pseudo-
arc, ﬁrst constructed by B. Knaster in 1922 [11], is characterized as a hereditarily indecomposable arc-like continuum [2].
The pseudo-circle, ﬁrst described by R.H. Bing in 1951 [2], is a planar hereditarily indecomposable circle-like continuum
which separates the plane into two components. It is topologically unique [4] and is not homogeneous [3,14]. Every proper
subcontinuum of the pseudo-circle is a pseudo-arc.
The pseudo-circle does not have the f.p.p. In [7] M. Handel constructed an area preserving C∞ diffeomorphism of the
plane with the pseudo-circle as a minimal set (i.e. invariant and closed set that contains no other set with these two
properties). However, J. Kennedy and J.T. Rogers Jr. [10] showed that if h is a homeomorphism of the pseudo-circle with an
invariant composant L (i.e. h(L) = L) then h has a ﬁxed point in L.
It is the purpose of the present paper to prove a new ﬁxed point theorem for the pseudo-circle, motivated by the fact
that any self-map of the unit circle S1 of degree d has |d− 1| ﬁxed points [9]. Namely, let C be the pseudo-circle embedded
in an annulus A in such a way that the winding number of each circular chain in the sequence of crooked circular chains
deﬁning C is 1. Any self-map of C extends to a self-map of A, since C is a closed subset of the Absolute Neighborhood
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result of J. Heath [8] (see also [5]). We will prove the following theorem.
Theorem 1.1. Let f : C → C be a self-map of the pseudo-circle C . Suppose that F : A → A is an extension of f to A (i.e. F |C = f ). If
F is of degree d then f has at least |d − 1| ﬁxed points.
The main idea in our proof of Theorem 1.1 will be to use the universal covering space (A˜, τ ) of the annulus A. The aim of
using the universal cover is twofold. First, it is to make use of the known properties of lifting classes of self-maps of A in A˜.
This is a standard approach in the Nielsen ﬁxed-point theory of compact connected polyhedra. For the class of arbitrary
plane separating continua this idea originates from [12], where K. Kuperberg studied ﬁxed points of orientation reversing
planar homeomorphisms in invariant continua. Second, it is to unfold given circular chain of disks covering C to an inﬁnite
linear chain of disks that covers the ﬁber τ−1(C) in A˜, and then to use arguments patterned on Hamilton’s proof of f.p.p. for
arc-like continua [6]. This approach is motivated by the fact that any Hausdorff two-point compactiﬁcation of the universal
cover of the pseudo-circle is homeomorphic to the pseudo-arc [1] (see also [13]).
2. Preliminaries
Let τ : A˜ → A be a universal cover of A, where we can assume that A = {(r, θ) ∈ R2: 1  r  2, 0  θ < 2π} in
polar coordinates, A˜ = {(r, θ) ∈ R2: 1  r  2}, and τ (r, θ) = (r, θ (mod 2π)). Let F : A → A be a map of degree d and
let F˜ be a lift of F . Any other lift F˜k is determined by F˜k = F˜ + (0,2kπ) for an integer k. Now let p˜ ∈ A˜ be a ﬁxed
point of F˜ and let {p˜n: n ∈ Z} be the ﬁber of τ (p˜); i.e. p˜n = p˜ + (0,2πn). Since F has degree d, we have F˜k(p˜n) =
p˜n + (0,2nπ(d− 1))+ (0,2πk). Therefore the ﬁxed points of F˜k and ﬁxed points of F˜ s project to the same ﬁxed points of F
in A iff k = s mod (d − 1).
It will be convenient to use the following metric ‖(r, θ)− (r′, θ ′)‖ = |r−r′|+|θ −θ ′| for both A and A˜. To avoid confusion
we will indicate in which of the two spaces the distance is taken by writing ‖ ·‖A or ‖ ·‖A˜ . Note that limn→∞ ‖xn − xo‖A˜ = 0
implies limn→∞ ‖τ (xn) − τ (xo)‖A = 0, and τ is a local isometry with respect to the two metrics.
Suppose that U is a cover of a connected set H ; i.e. H ⊆⋃U . Recall that the nerve of U , denoted by N(U), is an abstract
simplicial complex that satisﬁes the following:
• vertices of N(U) are the elements of U ,
• the simplices of N(U) are the ﬁnite subcollections {U1, . . . ,Uq} of U such that U1 ∩ U2 ∩ · · · ∩ Uq 
= ∅.
For an  > 0 we call a cover U of H an -cover if the diameter of each element of U is less then  . Recall that a contin-
uum X is circle-like if and only if for each  > 0 there is a ﬁnite -cover U of X by open sets such that the underlying
space of N(U) is homeomorphic to S1. We shall call a cover V of H an inﬁnite chain if N(V) is connected, has inﬁnitely
(countably) many vertices, and each vertex is of degree 2. Equivalently, one can enumerate the elements of V by integers
so that Vi ∩ V j 
= ∅ iff |i − j| 1, for any Vi, V j ∈ V . We will make use of the following fact stated in [1, Step 4, p. 1147],
where the pseudo-circle was embedded in the Möbius band (see also Fig. 1).
Proposition 2.1. Let U  be a ﬁnite -cover of C by closed disks, with the underlying space of N(U ) homeomorphic to S1 . Let
τ−1(U ) = {U n : n ∈ Z} consist of disjoint homeomorphic copies of U  in A˜. Then, for suﬃciently small  , V = {U n : n ∈ Z, U  ∈ U }
is an -cover of τ−1(C) that is an inﬁnite chain.
3. Proof of Theorem 1.1
Proof of Theorem 1.1. Fix d 
= 1 and let F˜ be a lift of F . It is enough to show that F˜ has a ﬁxed point in τ−1(C), what will
imply that there are |d − 1| ﬁxed points of F in C (at least one for each Nielsen class).
First notice that τ−1(C) is connected, as it is the common boundary of τ−1(K1) and τ−1(K2), where K1 and K2 are
the two components of A \ C (see [15, Theorem 1.(iii)′]). For every m, let U 1m be a 1m -cover of C by closed disks such
that the underlying space of N(U ) is homeomorphic to S1. By Proposition 2.1, U 1m lifts to an inﬁnite chain V 1m that is a
1
m -cover of τ
−1(C). Let V 1m = {V
1
m
i : i ∈ Z} and enumerate elements of V
1
m so that V
1
m
i ∩ V
1
m
j 
= ∅ ⇔ |i − j| 1. Set
Am =
{
x ∈ τ−1(C): [x ∈ V
1
m
i & F˜ (x) ∈ V
1
m
j
]⇒ [i < j]}∪ {x ∈ τ−1(C): x, F˜ (x) ∈ V
1
m
i for some i ∈ Z
}
,
Bm =
{
x ∈ τ−1(C): [x ∈ V
1
m
i & F˜ (x) ∈ V
1
m
j
]⇒ [i > j]}∪ {x ∈ τ−1(C): x, F˜ (x) ∈ V
1
m
i for some i ∈ Z
}
.
Notice that Am and Bm are closed (cf. [6]). Let F˜ (r, θ) = (φ(r, θ),ψ(r, θ)). Since for any point (r, θ) ∈ A˜ and any integer n
the following equality holds
ψ(r, θ + 2nπ) − (θ + 2nπ) = [ψ(r, θ) − θ]+ 2nπ(d − 1)
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it follows that the sign of ψ(r, θ +2nπ)−(θ +2nπ) depends only on whether n → ∞ or n → −∞, and consequently Am 
= ∅
and Bm 
= ∅. Therefore Am∩ Bm 
= ∅, since Am∪ Bm = τ−1(C). For every m choose xm ∈ Am∩ Bm . We have ‖ F˜ (xm)−xm‖A˜  1m
and thus limm→∞ ‖ F˜ (xm) − xm‖A˜ = 0. Consequently also limm→∞ ‖F (τ (xm)) − τ (xm)‖A = 0. Notice that since C is compact
therefore there is c ∈ C such that limm→∞ τ (xα(m)) = c, for a subsequence {xα(m)}∞m=1 ⊆ {xm}∞m=1. Clearly F (c) = c and
therefore F˜ (τ−1(c)) ⊆ τ−1(c). We shall show that there is xo ∈ τ−1(c) that is a ﬁxed point of F˜ .
There is a disk D around c such that the diameter of G = D ∪ F (D) is less than 14 . There is k > 4 such that
τ (xα(k)), F (τ (xα(k))) ∈ G . To ﬁnish the proof notice that τ−1(G) =⋃n∈Z Gn consists of disjoint homeomorphic copies of G .
Let Gk be the component of τ−1(G) that contains xα(k) . Note that since ‖ F˜ (xα(k)) − xα(k)‖A˜ < 1α(k) and the diameter of
each Gn is less than 14 we must have F˜ (xα(k)) ∈ Gk . Now choose xo ∈ τ−1(c) ∩ Gk . It follows that F˜ (xo) ∈ τ−1(c) ∩ Gk and
consequently F˜ (xo) = xo . 
Corollary 3.1. Let f : C → C be a self-map of the pseudo-circle C . Suppose that F : A → A is an extension of f to A (i.e. F |C = f ). If
F is of degree d then the ﬁxed-point set of f has at least |d − 1| components.
Proof. It is known that each Nielsen class is an open subset of the ﬁxed-point set (see [9, p. 623]). Since there are only
ﬁnitely many classes, each of them is also closed in the ﬁxed point set. The ﬁxed-point set of F is partitioned into |d − 1|
nonempty Nielsen classes N1, . . . ,N|d−1| . Let K be a component of the ﬁxed-point set of F in C and set Mi = Ni ∩ K . Since
each Mi is closed and K is connected it follows that only one Mi is nonempty. 
Remark 3.2. It should be clear from the proof of Theorem 1.1 that the result extends to all plane separating circle-like
continua. Indeed, let K be such a continuum separating the two components of A, and let U  be an -cover of K by open
sets with N(U ) homeomorphic to S1. If τ−1(U ) = {U n : n ∈ Z} and V = {U n : n ∈ Z, U  ∈ U } then N(V) is connected,
as τ−1(K ) is. On the other hand, one easily veriﬁes that, for suﬃciently small  , every vertex of N(V) is of degree 2, since
τ is a local homeomorphism. As N(V) has countably many vertices it follows that Proposition 2.1 holds for K . Now one
can argue the same way as in the proof of Theorem 1.1.
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